Abstract. In this paper, by studying the position of umbilical normal vectors in the normal bundle, we prove that pseudoumbilical totally real submanifolds with flat normal connection in non-flat complex space forms must be minimal.
Introduction
LetM n+p (c) be a complex (n + p)-dimensional complex space form endowed with the Fubini-Study metric of constant holomorphic curvature c. An n-dimensional submanifold M n inM n+p (c) is called totally real if the complex structure J ofM n+p (c) carries each tangent space of M n into its corresponding normal space. Specially, M n is called Lagrangian if p = 0. This kind of submanifolds appear naturally in the context of classical mechanics and mathematical physics and have been studied by many geometers. For instance, Chen [1, 2, 3, 4, 5, 6] have classified Lagrangian surfaces of constant curvature in complex space forms. Shu [7] proved some integral inequalities of Simons' type for n-dimensional compact Extremal Lagrangian submanifolds in complex space forms and gave some rigidity and characterization theorems for general complex co-dimension p. Chen-Ogiue [8] first studied minimal totally real submanifolds. Yano-Kon [9, 10] studied totally real submanifolds satisfying certain conditions on the second fundamental form and provided some basic examples. After that, as a generalization of the minimal ones, totally real submanifolds with parallel mean curvature vector field have been studied (see, for example, [11] , [12] , [13] ).
As we all know, pseudo-umbilical submanifolds can be viewed as another natural generalization of the minimal case. From Chen's classification result of slumbilical submanifolds in complex space forms (see [14] ), one can construct examples of pseudo-umbilical totally real submanifolds inM n+p (c). However, the class of such submanifolds is too wide to classify, so it is reasonable to study pseudo-umbilical totally real submanifolds under some additional conditions. For example, the author [15] proved that complete pseudo-umbilical Lagrangian surfaces in a complex projective plane must be minimal, and [16] proved that a pseudo-umbilical totally real submanifold M n with flat normal connection in a complex projective space CP n+p is minimal if n = 2 or p = 0. The main purpose of this paper is to show that the latter result also holds for general n and general p, and the ambient space can be assumed to be any non-flat complex space forms. We state it as the following theorem.
n be an n-dimensional pseudo-umbilical totally real submanifold in a complex space formM n+p (c) (c = 0). If the normal connection is flat, then M n must be minimal.
Remark 1.1. To prove the above theorem, we characterize the umbilical normal vector by its position in the normal bundle in Section 3 (see Proposition 3.1). This characterization, on the one hand, can provide suitable moving frames for us in the proof of the main theorem. On the other hand, it also implies that there exist no totally umbilical totally real submanifolds whose normal connections are flat in non-flat complex space forms (see Corollary 3.2).
Preliminaries
Let M n be an n-dimensional totally real submanifold inM n+p (c). Choose a local field of orthonormal frames e 1 , · · · , e n , e n+1 , · · · , e n+p , e 1 * = Je 1 , · · · , e n * =Je n , e (n+1) * = Je n+1 , · · · , e (n+p) * = Je n+p (2.1) inM n+p (c) in such a way that, restricted to M n , e 1 , · · · , e n are tangent to M n . For convenience, we use the following convention on the range of indices:
With respect to the frame field ofM n+p (c) chosen above, J has the component [8] 
where I n+p denotes the identity matrix of degree n + p. Let{ω A } be the dual frames of {e A }, then the structure equations ofM n+p (c) are given by
where [8] 
Restricting these forms to M n , we have [8] (2.7)
where h is the second fundamental form of M n , and R ijkl , R αβij are the components of the Riemannian curvature tensor R and the normal curvature tensor R ⊥ , respectively. We call that the normal connection is flat if R ⊥ = 0. Let ζ be the mean curvature vector of M n , i.e.,
We call |ζ| the mean curvature of M n , and denote it by H. From the equation of Gauss (2.10), we have [8] (2.13)
where ρ is the scalar curvature of M n , and S = α,i,j (h α ij ) 2 . Define the first and the second covariant derivatives of h α ij as following (2.14)
From (2.6), we have
Position of umbilical normal vectors in the normal bundle
Now we assume that M n is a totally real submanifold with flat normal connection inM
n . We can characterize the umbilical normal vectors by their position in the normal bundle as the following proposition. 
are all distinct, we will get a contradiction. Put
With respect to the frame chosen above, the matrix (h n+1 ij ) are given by h
Since the normal connection is flat, by using the equation of Ricci (2.12) and Lemma 2.1, we have
, s = t. By using (2.12) and Lemma 2.1 again, we also have
.
Choose the orthonormal frame (2.1) at the point x, such that
Noting that ξ is umbilical, we have
where , denotes the inner product in T ⊥ x M n . By using the equation of Ricci (2.12), Lemma 2.1 and considering the fact that the normal connection is flat, we obtain
which, together with (3.2), imply that
By setting i = 2, j = 1 in the above equation and noting that c = 0, we get |ξ 1 | = 0, hence ξ = ξ 2 ∈ V ⊥ x . The above proposition can be verified by a classical example which appeared in [10, 17] as follows. 
) can be naturally immersed in S 5 as a minimal submanifold. Then, through the Hopf fiberation π : S 5 → CP 2 , one can get a minimal totally real submanifold
CP 2+p (see [10] ). With respect to some suitable moving frames {e A } of the form (2.1), [10] and [17] calculated that
By using (3.5), (3.6), the equation of Ricci (2.12) and Lemma 2.1, one can easily find that the normal connection of T 2 in CP 2+p is flat. Also (3.5) and (3.6) implies that for any point x ∈ T 2 , the normal vectors in V x are not umbilical, while the normal vectors in V ⊥ x are all umbilical (in fact, in this minimal case, they are all geodesic).
From Proposition 3.2 one can easily get the following corollary. 
Proof of the theorem
Now we assume that M n is a pseudo-umbilical totally real submanifold with flat normal connection inM n+p (c) (c = 0). If M n is not minimal, then there exists a point x 0 ∈ M n , such that H(x 0 ) = 0. From Proposition 3.1 we may choose moving frame (2.1) such that ζ = He n+1 around the point x 0 , so For convenience, we denote that σ = S − nH 2 . The proof of the theorem is based on the calculation of the Laplacian of σ. From (2.18), and noting that the normal connection is flat, we have 1
We will calculate I, II and III in turn. From (2.14) and (4.1) one can easily get
where H k = e k (H). Furthermore, by using (2.5) and (4.2), we deduce that
Lemma 4.1. Let grad H denote the gradient of H, then
Proof. From (2.14) and (4.2), we have
Applying (2.5) and (4.2) to the above formula, it follows that
From which, together with (4.2) and (4.5), we may calculate I as follows.
This completes the proof.
Proof. From (4.2),
We compute each term of the right hand side of the above formula as follows. During the procedure, we have used the formulas (2.5), (2.8), (4.2) and (4.6).
Hδ ij e j (h On the other hand, (4.7) implies that the scalar curvature of M n is given by ρ = n(n − 1)H 2 , substituted into (2.13), we see that σ = Hence H = 0 around the point x 0 , which contradicts the assumption H(x 0 ) = 0. Therefore, M n must be minimal. This completes the proof.
